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Abstract.We show a relation between a quantum channel Φ and its conjugate ΦC , which
implies that the p → p Schatten norm of the channel is the same as the 1 → p completely
bounded norm of the conjugate. This relation is used to give an alternative proof of the
multiplicativity of both norms.
1. Introduction.
A quantum channel is a completely positive trace preserving (CPT) map Φ :
Md →Md′ , Md is the set of d× d complex matrices. Any channel can be viewed as
a map Lq(Md)→ Lp(Md′), where Lq(Md) denotes the spaceMd with the Schatten
norm ‖A‖q = Tr(|A|
q)1/q, 1 ≤ q ≤ ∞. Let ‖Φ‖q→p be the corresponding norm of
Φ,
‖Φ‖q→p = sup
A∈Md
‖Φ(A)‖p
‖A‖q
= sup
A∈Md,A≥0
‖Φ(A)‖p
‖A‖q
,
the second equality was proved in [1, 8]. Multiplicativity of this type of norms is
an important conjecture in quantum information theory.
The spaces Lq(Md) and Lp(Md′) can be endowed with an operator space struc-
ture as in [7], then Φ is a completely bounded map. Multiplicativity of the corre-
sponding completely bounded norms ‖Φ‖CB,q→p for all 1 ≤ p, q ≤ ∞ was proved
in [3]. In particular, this implies multiplicativity of ‖Φ‖q→p for q ≥ p, since this
is equal to ‖Φ‖CB,q→p for CPT maps. It was shown that the norm ‖Φ‖CB,1→p is
equal to the quantity
ωp(Φ) = sup
ψ∈Cd⊗Cd
‖(I ⊗ Φ)(|ψ〉〈ψ|)‖p
‖Tr2(|ψ〉〈ψ|)‖p
Multiplicativity of ωp then yields the additivity for the CB minimal conditional
entropy, defined as
SCB,min = inf
ψ∈Cd⊗Cd
(S [(I ⊗ Φ)(|ψ〉〈ψ|)] − S [Tr2(|ψ〉〈ψ|)])
In the present note, we show that there is a relation between ωp(Φ) and the norm
‖ΦC‖p→p of the conjugate map Φ
C . This relation is then used for an alternative
proof of multiplicativity of both quantities, avoiding the use of the deep results of
the theory of operator spaces and CB norms, involved in the proofs in [3].
1
22. Representations of CPT maps and conjugate channels.
Let ed1, . . . , e
d
d be the standard basis in C
d and let β0 =
1
d
∑
i e
d
i ⊗ e
d
i be a max-
imally entangled vector. Let Φ : Md → Md′ be a CPT map. Then Φ is uniquely
represented by its Choi-Jamiolkowski matrix Xφ ∈Md ⊗Md′ , defined by
(1) XΦ = d
2(I ⊗ Φ)(|β0〉〈β0|) =
∑
i,j
|edi 〉〈e
d
j | ⊗ Φ(|e
d
i 〉〈e
d
j |).
Other representations of Φ can be obtained from the Stinespring representation,
which in the case of matrices has the form [6]
(2) Φ(ρ) = V †(ρ⊗ Iκ)V, V : C
d′ → Cd ⊗H, Tr2V V
† = Id
where H is an auxiliary Hilbert space, κ = dimH ≤ dd′. The Lindblad-Stinespring
representation of Φ is
(3) Φ(ρ) = Tr2U(ρ⊗ |φ〉〈φ|)U
†
where φ is a unit vector in H, and U : Cd ⊗ H → Cd
′
⊗ H is a partial isometry.
This can be obtained from the Stinespring representation of the dual map Φˆ. The
Kraus representation
(4) Φ(ρ) =
κ∑
k=1
FkρF
†
k , Fk : C
d → Cd
′
,
∑
k
F
†
kFk = Id
is related to (2) and (3) by
V =
κ∑
k=1
F
†
k ⊗ |e
κ
k〉
Fk = Tr2U(I ⊗ |φ〉〈e
κ
k |), k = 1, . . . , κ,
where eκ1 , . . . , e
κ
κ is an orthonormal basis in H.
Let Φ be given by (3). The conjugate channel to Φ is the map ΦC :Md → B(H),
defined as [4, 5]
(5) ΦC(ρ) = Tr1U(ρ⊗ |φ〉〈φ|)U
† =
∑
j,k
Tr
(
FjρF
†
k
)
|eκj 〉〈e
κ
k |
The next Lemma shows a relation between the Stinespring representation (2) of
Φ and the Choi-Jamiolkowski matrix (1) of its conjugate.
Lemma 1. Let Φ be a CPT map, such that Φ(ρ) = V †(ρ⊗ Iκ)V is the Stinespring
representation. Then
XΦC = (V V
†)T
where BT is the transpose of the matrix B, BTij = Bji.
3Proof: Let V =
∑κ
k=1 F
†
k ⊗ |e
κ
k〉, then using (5), we get
V V † =
κ∑
i,j=1
F
†
i Fj ⊗ |e
κ
i 〉〈e
κ
j | =
κ∑
i,j=1
d∑
k,l=1
〈edk|F
†
i Fj |e
d
l 〉 |e
d
k〉〈e
d
l | ⊗ |e
κ
i 〉〈e
κ
j |
=
d∑
k,l=1
|edk〉〈e
d
l | ⊗
κ∑
i,j=1
Tr
(
Fj |e
d
l 〉〈e
d
k|F
†
i
)
|eκi 〉〈e
κ
j |
=
d∑
k,l=1
|edk〉〈e
d
l | ⊗
[
ΦC(|edl 〉〈e
d
k|)
]T
= XTΦC

Theorem 1. For a CPT map Φ and 1 ≤ p ≤ ∞,
‖Φ‖p→p = ωp(Φ
C)
Proof. Note first that for any CPT map, we have ([3])
(6) ωp(Φ) = sup
A≥0,‖A‖2p≤1
‖(A⊗ Id′)XΦ(A⊗ Id′)‖p,
Let the Stinespring representation (2) of Φ be Φ(ρ) = V †(ρ ⊗ Iκ)V . Then by
Lemma 1,
‖Φ‖p→p = sup
A≥0,‖A‖p≤1
‖Φ(A)‖p = sup
B≥0,‖B‖2p≤1
‖V †(B2 ⊗ Iκ)V ‖p =
= sup
B≥0,‖B‖2p≤1
‖(B ⊗ Iκ)X
T
ΦC (B ⊗ Iκ)‖p = ωp(Φ
C),
the last equality follows from the fact that BT ≥ 0 if B ≥ 0 and ‖BT ‖p = ‖B‖p.

Remark. Let q > p. Exactly as in the above proof, we get that
‖Φ‖q→p = sup
A≥0,‖A‖2q≤1
‖(A⊗ Id′)XΦC (A⊗ Id′)‖p,
The last expression is equal to the Lr(Md, Lp(Md′)) norm ‖XΦC‖(r,p) for
1
q +
1
r =
1
p ,
see Eq. (3.18) in [3]. This is an operator space type of norm, but not a CB norm,
in general.
3. Multiplicativity.
To prove multiplicativity, we need the following observation
(7) ωp(Φ⊗ Tr) = ωp(Tr ⊗ Φ) = ωp(Φ)
This follows from Lemma 2, proved in the Appendix. We remark that this equality
implies that the supremum in the definition of ωp can be taken over all Md ⊗Md,
that is,
(8) ωp(Φ) = sup
X∈Md⊗Md
‖(I ⊗ Φ)(X)‖p
‖Tr2(X)‖p
4To show this, we first note that the supremum in (8) may be restricted to positive
X . Let X ≥ 0 and let |ψ123〉 ∈ C
d ⊗ Cd ⊗ Cd
2
be a purification of X , X =
Tr3(|ψ123〉〈ψ123|). Then
‖(I ⊗ Φ)(X)‖p
‖Tr2(X)‖p
=
‖(I1 ⊗ Φ)(Tr3(|ψ123〉〈ψ123|))‖p
‖Tr23(|ψ123〉〈ψ123|)‖p
=
=
‖(I1 ⊗ Φ⊗ Tr)(|ψ123〉〈ψ123|))‖p
‖Tr23(|ψ123〉〈ψ123|)‖p
Consequently,
ωp(Φ) ≤ sup
X∈Md⊗Md
‖(I ⊗ Φ)(X)‖p
‖Tr2(X)‖p
≤
≤ sup
ψ∈(Cd⊗Cd2)⊗2
‖(I12 ⊗ Φ⊗ Tr)(|ψ〉〈ψ|)‖p
‖Tr34(|ψ〉〈ψ|)‖p
= ωp(Φ⊗ Tr) = ωp(Φ),
hence the assertion.
We now obtain an alternative proof of multiplicativity of ‖ · ‖p→p and ωp.
Theorem 2. For CPT maps Φ1 : Md1 → Md′1 and Φ2 : Md2 → Md′2 and for
1 ≤ p ≤ ∞,
‖Φ1 ⊗ Φ2‖p→p = ‖Φ1‖p→p‖Φ2‖p→p
ωp(Φ1 ⊗ Φ2) = ωp(Φ1)ωp(Φ2)
Proof. We first show that the p → p norm of a channel Φ is not changed by
tensoring with identity. Indeed, by Theorem 1 and (7),
‖Φ⊗ I‖p→p = ωp((Φ⊗ I)
C) = ωp(Φ
C ⊗ Tr) = ωp(Φ
C) = ‖Φ‖p
Similarly, ‖I ⊗ Φ‖p→p = ‖Φ‖p→p.
Let now A ∈Md1 ⊗Md2, B = (I ⊗ Φ2)(A) and compute
sup
A
‖(Φ1 ⊗ Φ2)(A)‖p
‖A‖p
= sup
A
‖(Φ1 ⊗ I)(B)‖p
‖B‖p
‖(I ⊗ Φ2)(A)‖p
‖A‖p
≤ ‖Φ1‖p→p‖Φ2‖p→p
Since the opposite inequality is easy, we get ‖Φ1 ⊗ Φ2‖p→p = ‖Φ1‖p→p‖Φ2‖p→p,
which in turn implies the multiplicativity of ωp.

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Appendix.
The following Lemma is due to C. King.
5Lemma 2. Let Ω :Mn →Mm be a channel with the covariance property Ω(UρU
†) =
U ′Ω(ρ)¯(U ′)† where U ′ is a unitary in Mm, for any unitary U ∈Mn. Then for any
CPT map Φ, we have
ωp(Ω⊗ Φ) = ωp(Φ⊗ Ω) = ωp(Φ)ωp(Ω)
Proof. The proof uses the fact that there are n2 unitary operators in Mn, such
that
∑n2−1
k=0 UkAU
†
k = n(TrA)In for any n× n matrix A, and therefore∑
k
(Uk ⊗ Id)A12(U
†
k ⊗ Id) = nIn ⊗A2
for A12 ∈Mn ⊗Md, A2 = Tr1A12. Let us define
gp(ρ,Φ) = Tr
[
(ρ1/2p ⊗ Id′)XΦ(ρ
1/2p ⊗ Id′)
]p
= Tr
[
X
1/2
Φ (ρ
1/p ⊗ Id′)X
1/2
Φ
]p
so that ωp(Φ)
p = supρ≥0,Trρ≤1 gp(ρ,Φ). Then by [2], ρ 7→ gp(ρ,Φ) is concave. It
is easy to see that gp(ρ,Ω) = gp(UρU
†,Ω) for any unitary operator U on Cn. It
follows that for any ρ ≥ 0, Trρ = 1
gp(ρ,Ω) =
1
n2
∑
k
gp(UkρU
†
k ,Ω) ≤ gp
(
1
n2
∑
k
UkρU
†
k ,Ω
)
= gp(
1
n
In,Ω) = n
−1/p‖XΩ‖p = ωp(Ω)
Similarly, we have
gp(ρ12,Ω⊗ Φ) =
1
n2
∑
k
gp((Uk ⊗ Id)ρ12(U
†
k ⊗ Id),Ω⊗ Φ)
≤ gp
(
1
n2
∑
k
(Uk ⊗ Id)ρ12(U
†
k ⊗ Id),Ω⊗ Φ
)
= gp
(
1
n
In ⊗ ρ2,Ω⊗ Φ
)
= gp(
1
n
In,Ω)gp(ρ2,Φ)
The easy inequality ωp(Ω)ωp(Φ) ≤ ωp(Ω⊗Φ) now finishes the proof. The equality
ωp(Φ⊗ Ω) = ωp(Φ)ωp(Ω) is proved similarly. 
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